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ABSTRACT: Recently, there has been a push to understand
how molecular topology alters the nonequilibrium dynamics
of polymer systems. In this paper, we probe how knotted
polymers evolve in planar extensional fields using Brownian
dynamics simulations and single-molecule experiments. In the
first part of the study, we quantify the extension versus
strain-rate curves of polymers and find that knots shift these
curves to larger strain-rates. These trends can be quantitatively
explained by Rouse-like scaling theories. In the second half
of the study, we examine the consequences of knot untying
on the time-dependent conformations of polymers in these
external fields. We find that knot untying creates significant,
transient changes in chain extension. If the topology is complex, the chain undergoes a wide range of time-dependent confor-
mations since knot untying proceeds through many different stages. We provide examples of such untying trajectories over time.

I t is unsurprising to physicists that molecular topology plays
a vital role in influencing the dynamics of polymers.1−7 One

such example is a knot on an open chain.8 These architectures
have been found naturally in DNA9,10 and proteins,11 and
they have been discovered in nanotechnology applications that
perform single-molecule sequencing12−15 and genetic mapping16

of DNA. The removal of self-entanglements is important for
the latter technologies as these structures give rise to incorrect
readings of base-pair sequences.12,16 Since these issues become
inevitable as chain sizes become longer,17,18 there has been a recent
push to understand the physics of knotted polymers in more detail.
Knots can be tied onto DNA by optical tweezers,19 collisions

with nanochannel walls,20 or electric fields.21−23 These tech-
niques and coarse-grained simulations allow researchers to
study (1) the size and abundance of knots on open chains,24−26

and (2) the motion of knots as they traverse along the polymer
backbone.19,22,27−29 The dynamics of knotted chains far from
equilibrium, however, have not been examined as extensively.
In this study, we perform Brownian dynamics simulations
and single-molecule experiments to quantify (a) the extension
versus strain-rate curves of knotted polymer chains and (b) the
time-dependent conformations of these chains during knot
untying. The chains we examine are highly elongated, which
differs from previous works that studied the stretching of self-
entangled polymers from a collapsed state.30,31 Our study probes
how knots shorten the relaxation time of stretched chains and
how this phenomenon leads to a variety of large-scale changes
in polymer conformation upon untying.
Figure 1a shows a schematic of our Brownian dynamics simu-

lations. We represent our polymer as a flexible, linear string of

N connected beads of size b. We enforce constant bond
lengths32 and allow minimal bead overlaps by enforcing a
stiff repulsive potential between non-neighboring beads33 with
stiffness H≫ kT/b2. Unless otherwise noted, we neglect hydro-
dynamic interactions. We tie a knot into the center of the
polymer chain, stretch the chain in planar extensional flow
ux
∞ = ε̇(x − xcm), uy

∞ = −ε̇(y − ycm), and wait until the chain
extension reaches steady-state. When examining steady-state
extension, we periodically add reptation moves34 to keep the
knot near the center of the chain. When examining time-
dependent effects, we do not add this effect. We note that the
polymer’s center of mass coincides with the flow’s stagnation
point, which single-molecule experiments are able to maintain for
minutes using manual control.23 We measure the extension
⟨x⟩ext as the maximum distance subtended by the molecule in
the direction of stretching: ⟨ ⟩ = | − |x x xmax

n m
n mext

,
over all beads.

We also measure the knot size Lknot as the chain contour stored
in the knot, calculated by determining the minimal region on
the chain that retains the polymer’s overall topology.28,35 When
measuring steady-state extension, we average all measurables over
time t = 4500 b2ζ/kT, where ζ is the drag coefficient on each bead
and kT is the thermal energy. The knots studied are shown in
Figure 1b. More details are in the Supporting Information (SI).
Figure 1c shows the extension versus strain-rate curves of the

unknotted and knotted chains for N = 200 beads. The x-axis is
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the Weissenberg number, Wi = ε̇τunknot, of the unknotted chain,
where τunknot is the longest relaxation time of the polymer
obtained by fitting the squared end-to-end distance ⟨R2⟩ to an
exponential: ⟨R2⟩ − ⟨Requib

2 ⟩ ∼ exp(−t/τunknot) (see SI). The
y-axis is the fractional extension ⟨x⟩ext/Lchain. As shown in
Figure 1c, knotted chains have smaller extensions compared to
an unknotted chain for a given Wi. The shift in these curves
are reminiscent of the force−extension curves under constant
tension by Caraglio et al.36 and the planar extensional experi-
ments by Renner et al.,30 which show that knots stiffen the
chain by reducing the chain’s conformational degrees of freedom.
We note that we are only able to probe steady-state extensions
of knotted polymers forWi ≳ 1.5 since knots untie when nearly
coiled.
We can understand the altered extension vs strain-rate curves

by considering how a knot modifies a chain’s relaxation from a
stretched state. Rouse theory predicts that a chain’s relaxation
time scales with its length as τ ∼ Lchain

1+2v, where ν = 0.5876
is the Flory exponent for excluded volume interactions.37 For a
knotted chain, the amount of free contour available to relax is
Lchain − Lknot. The ratio of relaxation times is thus given by
τknot/τunknot = (1 − Lknot/Lchain)

1+2v, and hence, the appropriate
Wi to describe knotted chains should be

ετ
τ

τ
= ̇ = −

ν+⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟Wi Wi

L
L

1eff unknot
knot

unknot

knot
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1 2

(1)

In Figure 1d, we rescale Wi using eq 1. We furthermore
rescale the chain’s fractional extension by the maximum
extension that the knotted polymer can obtain, that is,
⟨ ⟩ = ⟨ ⟩ ⟨ ⟩

→∞
x x xlim /

Wi
ext,max ext,knot ext,unknot, where the limit is

approximated at Wi = 50. When we perform these operations,
all the data collapse onto a master curve. A similar collapse
occurs for different chain sizes and chains with hydrodynamic
interactions (see SI). We note that for Wieff in eq 1, the knot
size Lknot is a function of the strain-rate (Figure 1e), and hence,
Wieff depends nontrivially on the strain-rate (Figure 1f).

Figure 1. (a) Schematic of setup. (b) Knot topologies studied. (c) Steady-state fractional extension vs Wi for different chain topologies. (d) Rescaling of
data in (c). The y-axis is rescaled by the maximum extension the knotted polymer can achieve, approximated as ⟨x⟩ext,knot/⟨x⟩ext,unknot atWi = 50. The x-axis
is a renormalized Weissenberg numberWieff =Wi(1 − Lknot/Lchain)

1+2v, with ν = 0.5876 being the Flory exponent. (e, f) Steady-state knot sizes andWieff as
a function of topology and strain-rate (i.e., Wi). For all graphs, we examine a freely draining chain of N = 200 beads with error bars being standard errors
over 5−10 runs. We observe similar scaling for freely draining and non-draining chains of N = 100 beads in the SI.

Figure 2. (a) Left: mean fractional extension vs strain for knotted
and unknotted polymers at Wi = 0.68 and N = 100 beads, starting at
∼70−80% extension before being placed in flow. The knotted poly-
mers collapse to near equilibrium (Wi = 0) extension and then expand
when the knot unties, whereas the unknotted chains proceed directly
to their steady-state extension. Curves are averages over 50 runs.
Right: snapshots of a 31 knotted chain untying. (b) Top: kymograph of
a knotted, T4-GT7 DNA molecule (75 μm) atWi = 1.7. The knot (i.e.,
the bright spot on the chain) causes the chain to contract until the knot
unties, at which point the chain expands to a much larger steady-state
extension. More pictures of this process are in the SI. Below: knot size
vs its relative position on the chain (measured from 0 to 1).
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The altered relaxation of the chain occurs because the knot,
when tightened, (a) increases the microscopic states available
to the free contour, and (b) increases the drag on the portion
of the chain that can relax (i.e., contour outside the knot).
The conformational-dependent drag occurs even for freely
draining chains (Figure 1) and, hence, could have consequences
in coil−stretch hysteresis.38 We note that for highly extended
polymers with hydrodynamic interactions, we observe the same
scaling for Wieff as eq 1 because the chain’s drag and the
entropic spring constant scale with its length as ζchain ∼ Lchain
and Hspr ∼ Lchain

−2v. We expect this Rouse-like scaling to fail
when the chain is nearly coiled (Wi ≈ 0.5), but this scaling may
hold near the coiled state if the chain is freely draining.
Because knots alter the relaxation of polymer chains, the

process of unknotting can greatly modify the time-dependent
conformation of polymers in flow. An example is shown in
Figure 2a when Wi is slightly above the coil- stretch transition
of the unknotted chain (Wi = 0.68). Here, we examine the
dynamics of three polymer topologies placed in planar exten-
sional flow with initial states at ∼70−80% extension (analogous
to a step decrease in strain-rate in experiments). The unknotted
chain evolves to its steady-state extension (Figure 2a), while the
knotted chains (31 and 41 knots) first collapse to a nearly coiled
state before expanding when the knot unties. This undershoot
in extension is significant and is more severe for more compli-
cated topologies. As discussed previously, the presence of a knot
decreases the relaxation time of a polymer such that at a constant
strain-rate it can be naturally coiled when knotted (Wieff < 0.5)
but extended (Wieff > 0.5) after the knot unties. Such swings in
extension are rarely observed for unknotted chains.

Figure 2b shows an experimental kymograph of how knot
untying can induce similar extension undershoots even for
Wi well beyond the coil−stretch transition (Wi = 1.7). These
single-molecule studies follow the protocol in Klotz et al.23

Briefly, a solution of fluorescently stained, T4-GT7 DNA
(75 μm) is loaded in a microfluidic T-junction39 with electrodes
at the inlets and outlets. The T-junction is 2.0 μm tall with one
40 μm wide inlet and two 20 μm wide outlets. We first pulse a
square wave electric field of ∼150 V/cm for ∼1s at 10 Hz in the
straight section of the inlet to collapse the DNA into a compact
globule that likely contains one or more knots in its inte-
rior.21,23,30 We next apply a constant voltage drop to create a
planar-extensional field at the center of the T-junction. We
stretch the DNA at the field’s stagnation point and record its
dynamics over time. The knots appear as bright regions of excess
fluorescence on the extended chain. See SI for more details.
The experiments demonstrate several key features: as the

knot moves toward the end of the chain, the tension in the knot
decreases which causes the knot size to swell (Figure 2b).
This process decreases Wieff (eq 1), which in turn reduces the
chain extension drastically. When the knot fully unties, the
chain stretches back to its steady-state configuration. Other
experimental examples of such dynamics are shown in the SI.
In the previous examples, we examined situations where the

knot unties in one step. However, it is possible for complex
topologies to untie in multiple stages, which adds additional
complexities to the chain’s dynamics. To understand how such
topologies alter untying, we perform simulations of an initially
extended 101 knot placed in planar extensional flow (Wi = 0.74).
We observe that the knotted polymers collapse until they untie,
after which they extend to a steady-state configuration (Figure 3a).

Figure 3. (a) Fractional extension vs strain for a 101 knot at Wi = 0.74 and N = 400 beads when the chain is initially extended. The chain collapses,
unties, and stretches toward a steady-state. Blue curves are traces from 60 runs, and the black curve is the average. (b) Possible sequences for a 101
knot to unravel. (c) Examples of different untying dynamics of the 101 knot from trajectories in (a). (d) Histogram of the number of untying stages
for the 101 knot at Wi = 0.74 for two different chain sizes (N = 100 and 400). (e) Kymograph of a knotted DNA molecule untying in multiple stages
at Wi = 1.7 in experiments. The break in the kymograph is an uneventful minute, and the wayward brightness before the break is another molecule
drifting through the field of view (full image in SI). Bottom: snapshots of the molecule (scale bar = 8 μm) with an initial knot, smaller knots after two
stages of partial untying, and no knot. (f) Histogram of the number of observed untying stages for an ensemble of 87 T4-DNA molecules stretched at
Wi = 1−3. For molecules that only partially untie during the allotted recording period, we assume one additional stage is required for full untying,
although this may underestimate the mean number of stages.
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However, the individual traces in chain extension (blue) exhibit
large variations because the untying process is heterogeneous,
that is, demonstrates molecular individualism.40 For example, a
sampling of individual runs in Figure 3c show that the knot can
untie all-or-none or stage-wise. We observe this phenomenon
for various chain sizes and it appears that the knot is more likely
to untie stage-wise when it occupies a larger fraction of the
chain (Figure 3d). We note that in our simulations, we measure
topology changes in a strain window of ε̇t = 0.04, which means
that we underestimate the number of untying events when
multiple topology changes occur during this window. This
situation occurs for roughly 3% of our simulations.
In our experiments, we do not know the exact topology of

the chain but have evidence that the crossing number is greater
than 10,23 which suggests that the multifaceted dynamics in
our simulations should be observable. In fact, we do observe
different untangling pathways experimentally; an all-or-none
event is shown in Figure 2b, and an extended three-stage
untying is shown in Figure 3e. Just like in our simulations,
the diversity in these unraveling dynamics leads to a wide range
of knot escape times, intermediate knotted states, and time-
dependent chain extensions. In Figure 3f, we show a histogram
of experimentally observed untying events for 87 molecules
from Wi = 1−3. While experiments are more likely than simu-
lations to observe an all-or-none untying, it is likely that the
true number of events is greater than what is observed due to
our inability to resolve the dynamics within the fluorescent bulb
at the chain end. There are two likely mechanisms for the
observed shrinking of the knots: a prime knot can partially
untie as in Figure 3b, or one member of a compound knot can
unravel. While we cannot distinguish these mechanisms visu-
ally, we note that on rare occasions a bright knot in the chain
has been observed to bifurcate into two smaller knots. These
observations of multi-stage untying support our previous claims
that the knots produced via electrohydrodynamic collapse are
quite complex.23,30

In this study, we examined the dynamics of knotted polymers
in extensional fields. We find that a knot shifts the coil−stretch
transition of a polymer to a larger strain-rate since the knot
hastens the relaxation of the stretched, polymer chain. The
modified relaxation time can be described by a Rouse-like scal-
ing theory (eq 1). We then examined how this phenomenon
leads to large-scale, transient changes in the chain extension
when the knot unties. For complex topologies, we observe that
a knot can untie in many different ways, which leads to a
diversity of time-dependent polymer conformations in flow.
This is another example of molecular individualism40 which to
our knowledge has been unexplored thus far. In the future,
there are several avenues to pursue. For example, the scaling
theories developed hold for steady-state configurations, whereas
the knot untying is a transient process. Can we extend our
theories to situations where the knot size changes dynamically?
Lastly, can one use the knot untying pathways to provide
greater insight into the topology of the chain?
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